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High-Capacity Spatial Multimode Quantum Memories Based on Atomic Ensembles
Anna Grodecka-Grad,1, ∗ Emil Zeuthen,1 and Anders S. Sørensen1
1QUANTOP, Danish National Research Foundation Center for Quantum Optics,
Niels Bohr Institute, University of Copenhagen, DK-2100 Copenhagen Ø, Denmark
We study spatial multimode quantum memories based on light storage in extended ensembles of
Λ-type atoms. We show that such quantum light-matter interfaces allow for highly efficient storage
of many spatial modes. In particular, forward operating memories possess excellent scaling with
the important physical parameters: quadratic scaling with the Fresnel number and even cubic with
the optical depth of the atomic ensemble. Thus, the simultaneous use of both the longitudinal and
transverse shape of the stored spin wave modes constitutes a valuable and so far overlooked resource
for multimode quantum memories.
PACS numbers: 42.50.Ex,03.67.Hk,42.50.Ct,42.50.Gy
Introduction.—Photons are ideal candidates for carry-
ing quantum information. In order to store and process
the information, a quantum storage medium is, however,
needed. To achieve this, one needs to establish a control-
lable and efficient light-matter interface that will store
light as a stationary excitation in a medium while pre-
serving quantum correlations. Quantum memories have
already been demonstrated in a number of experiments
based on atomic ensembles, see e.g. [1–7], as well as solid
state systems, see e.g. [8–10]. Most of the realized mem-
ories support only a single mode, but it is highly desir-
able to be capable of storing as many modes as possible
as this will increase the speed of quantum communica-
tion and facilitate quantum computation [11–13]. To this
end, several protocols have proposed exploiting various
degrees of freedom to achieve multimode operation: spa-
tial [14] or directional [13, 15] modes as well as frequency-
multiplexing in the context of controlled reversible inho-
mogeneous broadening (CRIB) [16, 17] and time-binning
with atomic frequency combs [18]. The latter has been
successfully realized experimentally with the storage and
retrieval of four temporal modes [19]. In addition, exper-
imental realizations of memory qubits involving two co-
existing spatial modes have been reported [20, 21]. These
results point toward promising applications of multimode
quantum memories, but a full assessment of the potential
of these requires an evaluation of the achievable memory
capacity. Until now, this has only been performed in the
one-dimensional (1D) case [22].
Here, we study the full capacity of the additional re-
source given by the spatial extent of atomic ensembles.
We show that combining the longitudinal and transverse
degrees of freedom allows for highly efficient storage of
many spatial light modes resulting in capacities higher
than previously expected. The number of modes one can
store with high efficiency depends on the choice of the di-
rection of retrieval relative to that of the storage process.
We demonstrate that forward operating memories, with
the retrieved light traveling in the direction of the input
signal, provide an excellent multimode memory resource.
It has a remarkable scaling with the important physical
parameters: the peak optical depth d0 and the Fresnel
number of the atomic ensemble F . For broad ensembles
(F ≫ 1) each transverse mode can be described by the
aforementioned 1D theory, which predicts the longitudi-
nal mode capacity for backward retrieval to scale with√
d0 for Raman memories as well as for protocols based
on electromagnetically induced transparency (EIT) and
with d0 for CRIB protocols [22, 23]; in this Letter, we will
consider the former two. The dependence of the capacity
on the Fresnel number has only been roughly estimated in
Ref. [24] to be the number of transverse modes ∼ F 2 for
forward retrieval and ∼ F for backward retrieval. From
the 1D calculations one would na¨ıvely estimate the 3D
capacity to be given by the number of transverse modes
times the longitudinal capacity for each mode resulting in
scalings of F 2
√
d0 and F
√
d0 for forward and backward
retrieval, respectively. Here, we show by direct calcu-
lation that the simultaneous use of the transverse and
longitudinal shape of the stored spin wave mode leads to
quantummemories with capacities scaling as F 2d30 for the
forward direction. This is a much stronger scaling result-
ing in significantly higher memory capacities and, thus,
far more promising forward operating memories than one
would expect from previous work.
For comparison, we also study the backward operating
spatial memory, with the retrieved light traveling in the
opposite direction of the input light. Contrary to what is
seen in the 1D limit [22], backward operation generally
possesses lower capacities, but we show that it can also
serve as a high capacity multimode memory although
with a slightly less promising scaling with the physical
parameters.
Model.—In order to analyze the capacity of spa-
tial multimode quantum memories, we use the three-
dimensional theory for Raman and EIT quantum mem-
ories based on Λ-type atomic ensembles presented in
Ref. [25]. There, it was shown that the crucial physi-
cal parameters determining the quality of the quantum
memory are the optical depth d0 and the Fresnel number
of the atomic ensemble F . We consider a cylindrically
symmetric atomic ensemble with a Gaussian distribu-
2tion in the radial direction n(ρ) = n0 exp[−ρ2/(2σ2⊥)] [see
Fig. 1 (left)], where n0 = NA/(2πLσ
2
⊥), NA is the num-
ber of atoms, L is the length, and σ⊥ ≪ L describes the
width of the cigar-shaped ensemble, e.g., corresponding
to dipole trapped samples [26, 27]. The density along the
longitudinal z axis has been assumed constant for sim-
plicity. The geometry of the ensemble is described by its
Fresnel number F = σ2⊥/(λ0L), where λ0 is the wave-
length of the quantum light. The weak quantum field
carries the quantum information to be stored into the
atomic ensemble and couples states |0〉 and |e〉 with cou-
pling strength g [see Fig. 1 (right)]. States |1〉 and |e〉 are
coupled by the strong classical control field, which sets
the propagation direction of the retrieved light. Ω(t) is
the Rabi frequency of the driving field and ∆ denotes the
detuning from the excited state |e〉, which spontaneously
decays at a rate γ. The empty quantum memory is ini-
tialized to have all atoms in state |0〉; storage is achieved
by the absorption of photons from the light field, which
entails the transfer of atoms from |0〉 to the state |1〉
via the intermediary state |e〉. More precisely, each pho-
ton is stored in a collective state of the ensemble repre-
sented by stationary spin wave excitations described by
Sˆ ∼∑i |0〉i〈1| [1]. Working in the unsaturated limit, this
atomic ”spin” can be approximated as a set of harmonic
oscillators.
For simplicity, we solve the three-dimensional prob-
lem of the multimode quantum light-matter interface
within the adiabatic approximation, where the excited
state |e〉 is eliminated. To describe the transverse de-
grees of freedom we expand the slowly varying light field
and spin wave operators on a complete set of trans-
verse mode functions aˆ(~r, t) =
∑
umn(ρ, φ)aˆmn(z, t),
Sˆ(~r, t) =
∑
umn(ρ, φ)Sˆmn(z, t). The light field and spin
wave operators are then represented by vectors, ~a′(z, t) =
{aˆmn(z, t)}, ~S′(z, t) = {Sˆmn(z, t)}, containing a set of
harmonic oscillator annihilation operators obeying 1D
equations. These equations of motion within the parax-
ial approximation (in the co-moving frame t′ = t − z/c)
read [25]
d
dz˜
~a(z˜, t˜) =
(
− i
~k2⊥σ
2
⊥
4πF
−
1
4
d0
1
2
+ i∆˜
B
2
)
~a(z˜, t˜) (1)
−
1
4
√
d0Ω˜(t˜)
1
2
+ i∆˜
B~S(z˜, t˜),
d
dt˜
~S(z˜, t˜) = −
1
4
|Ω˜(t˜)|2
1
2
+ i∆˜
~S(z˜, t˜)−
1
4
√
d0Ω˜
∗(t˜)
1
2
+ i∆˜
B~a(z˜, t˜).
Here, we have introduced the dimensionless time t˜ = γt′,
detuning ∆˜ = ∆/γ, position z˜ = z/L, and Rabi fre-
quency Ω˜(t˜) = Ω(t˜)/γ. The peak optical depth d0 =
4Ln0|g|2/γ quantifies the absorption of resonant light in
the absence of the control field Ω˜(t˜). We omit here the
quantum noise since it is not needed for calculating the
efficiency [28]. Due to the sample symmetry as well as
FIG. 1. (color online). (left) Atomic ensemble of cylindrical
symmetry with Gaussian density distribution of length L and
width σ⊥ (grey/red cloud in the middle). Full lines: Multi-
mode operation is achieved by focusing beams to a transverse
size r⊥ < σ⊥. For high optical depth it is an advantage to
use light beams which are only focused inside the sample for
a distance Ldcrit/d shorter than the length of the sample, so
that one can store multiple modes along the axis (dashed and
dotted lines, see text for details). (right) A schematic plot of
the level scheme of the considered Λ-type atoms.
for numerical reasons, we have chosen a set of Bessel
beams indexed by n and the azimuthal quantum number
m. Furthermore, working in the paraxial regime and as-
suming a monochromatic signal, we have approximated
k||,mn−k ≈ −k2⊥,mn/(2k) ≈ −k2⊥,mn/(2k0), which allows
us to account for the different transverse wave numbers
of the modes through the term in Eq. (1) containing the
diagonal matrix ~k2⊥ ≡ {k2⊥,mn}. The last terms in the
above equations of motion describe the coherent interac-
tion between light and matter, which is quantified by the
optical depth, Rabi frequency, detuning, and the matrix
Bmn,m′n′ =
∫
d2~r⊥u
∗
mn(~r⊥)um′n′(~r⊥)n(~r⊥)/n0 describ-
ing the coupling between modes. The fact that this cou-
pling matrix is independent of the axial position z˜ ren-
ders the problem solvable in terms of a simple matrix
exponential.
In order to solve the equations of motion (1), we
Laplace transform in time L{g(t)} = ∫∞
0
e−ωtg(t)dt,
which allows us to eliminate the differential equation for
the spin wave. Here, we have assumed a constant driving
field in space and time Ω˜. In consequence, we can write
the relation between the light modes and the spin wave
(here for the forward operating memory) in the form of
input-output beam splitter relations
~aout(ω˜) =
∫ 1
0
dz˜ K[Ω˜, ω˜, z˜] ~S0(z˜), (2)
~S0(z˜) =
1
2πi
∫ i·∞
−i·∞
dω˜KT[Ω˜∗, ω˜, 1− z˜]~ain(ω˜). (3)
The transformation matrix K depends on frequency ω˜,
position z˜, and the physical parameters of the system
Ω˜, ∆˜, F , and d0. The analytical expressions for the ma-
trix as well as the beam splitter relations for the back-
ward read-out are presented in detail in Ref. [25]. The ef-
3ficiency of the quantum memory is the ratio between the
number of outgoing and incoming light field excitations,
which, assuming a normalized incoming light mode, can
be written as
η =
∫ ∞
0
dt˜|~aout(t˜)|2 ∼
∫∫
dνdν′~a†in(ν)M[ν, ν
′] ~ain(ν
′).(4)
Here, the kernel matrix M gives full information about
the relation between the input and output modes for
a given set of physical parameters. After discretizing
frequency and position, we diagonalize the large ker-
nel matrix, which for forward retrieval is M[ν, ν′] ∼
K
∗[Ω˜∗, ν, 1− z˜]K†[Ω˜, ω˜, z˜] K[Ω˜, ω˜, z˜′]KT [Ω˜∗, ν′, 1− z˜′]. A
set of characteristic efficiencies is thereby obtained as the
eigenvalues of this matrix together with the correspond-
ing set of incoming light modes ~ain(ν). The optimal in-
coming light mode to store into the atomic ensemble cor-
responds to the eigenvector with the highest eigenvalue,
which is the maximal efficiency of the memory. The
remaining eigenvectors correspond to orthogonal modes
that can be stored with lower efficiencies. We show in the
following that, in general, there exist many light modes
that give high efficiencies of the quantum memory.
The figure of merit for multimode quantum memories
is the capacity, which can be defined in at least two dif-
ferent ways. Firstly, one can simply count the number
of modes with an efficiency above a minimal value ηmin.
Secondly, a more sophisticated measure can be obtained
from the quantum capacity of a Gaussian channel with
efficiency η, Q(η) = max{0, log2 |η| − log2 |1 − η|} [29].
Q(η) is the average number of qubits that can be per-
fectly stored and retrieved from a particular mode with
combined storage and retrieval efficiency η, provided one
has access to many copies of such memory and optimal
encoding, decoding, and error correction of the stored in-
formation. The capacity of the memory is obtained by
summing the capacities for all modes; only modes stored
and retrieved with a combined efficiency above η = 0.5
contribute due to the no-cloning theorem [30], so that
C =
∑
ηi>0.5
Q(ηi). This capacity serves an important
role as an upper limit for the memory. While the full
capacity is hard to exploit experimentally, it provides
a guide to the difficulty of achieving a certain capacity
in practice since this increases near the theoretical op-
timum. We find below that the capacity is very high
(> 103) for reasonable parameters (F ≈ 1, d0 ≈ 100).
This is much higher than the number of modes which
can be handled experimentally. Hence, spatial quantum
memories provide an almost unlimited resource for multi-
mode operation even without approaching the theoretical
maximum.
Results.—In order to gain insight into the multimode
character we first calculate the capacity and the num-
ber of good orthogonal modes within subspaces with a
fixed azimuthal quantum number m, see Fig. 2. All
numerical results are obtained for resonant memories,
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FIG. 2. (color online). The number of modes with efficiency
η > 0.5 (squares and circles) and the capacity Cm (diamonds
and stars) for different values of the azimuthal quantum num-
ber m for forward (blue, bottom and left axes) and backward
(black, top and right axes) operating memory with d0 = 100
and F = 1.
∆˜ = 0, the EIT case. The number of modes with high
efficiency decreases with growing |m| since light beams
with |m| > 0 vanish to increasing degree toward the
center of the atomic ensemble. Therefore, it is harder
to focus the input light mode into the dense center of
the atomic cloud, leading to a decreased effective optical
depth d0. One can see that for d0 = 100 and F = 1, the
forward operating memory yields higher capacities than
the backward one. This can be explained by the fact
that the driving light used for the backward retrieval re-
verses the longitudinal phase of the stored excitation but
cannot properly reverse its transverse profile except for a
spin wave with a uniform transverse phase. Thus in the
case of any transverse phase gradient of the stored spin
wave, the irreversible transverse phase leads to unwanted
diffraction effects [25], which in consequence reduce the
efficiencies and the number of modes that can be stored
in a backward operating memory.
The total capacity of forward operating quantum mem-
ories Cf is presented in Fig. 3 (red closed circles and stars)
as a function of the Fresnel number of the atomic ensem-
ble F for two values of the peak optical depth, d0 = 40
and 100. In both cases, the total capacity Cf reaches high
values and grows quadratically with the Fresnel number,
Cf ∼ F 2. To investigate whether the scaling is inde-
pendent of the two capacity measures, we also plot the
number of modes Nf for d0 = 100 for two values of the
threshold efficiency ηmin = 0.5 and 0.6. We see that the
quadratic scaling with the Fresnel number F is universal
so that either of these may be used as the appropriate
measure of the capacity.
The scaling with the Fresnel number depends, however,
on the direction of the read-out. To compare the two
operating modes of the memory, we also calculated the
capacity of the backward memory (black open circles and
stars), see Fig. 3. We find that in this case, the capacity
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FIG. 3. (color online). The capacity Cf for forward (red
closed circles and stars) and Cb backward (black open cir-
cles and stars) operating memories as functions of the Fresnel
number F for d0 = 40 (circles) and d0 = 100 (stars). The
number of modes for the forward memory Nm,f for d0 = 100
with the threshold efficiency ηmin = 0.5 (light gray stars)
and ηmin = 0.6 (light gray triangles). The dashed lines are
quadratic Cf ∼ F 2 and linear Cb ∼ F fits for the forward and
backward direction of the read-out, respectively.
only scales linearly with the Fresnel number, but it still
reaches high values. Thus, even though the highest single
mode efficiency for larger Fresnel numbers is achieved for
backward operating memories [25], the number of good
modes is larger for the forward memories for large F .
The scaling of the capacity can be explained by con-
sidering the diffraction of light in the atomic medium.
For forward operating memories, the divergence angle of
the incoming light beam is θ ∼ λ0/r⊥, where r⊥ is the
transverse waist of the stored stationary excitation. The
mode can in this case be so focused that the maximum
divergence angle becomes limited by the geometry of the
ensemble: tan θmax ∼ θmax ∝ σ⊥/L (we ignore here a
dependence on optical depth which will be included be-
low). From this we obtain that the minimal achievable
waist of the stored excitation is r⊥,min ∝ λ0L/σ⊥. In
consequence, since the capacity of the memory is pro-
portional to the ratio between the cross section area
of the ensemble and the minimal waist squared, this
leads to a quadratic dependence on the Fresnel num-
ber, Cf ∝ σ2⊥/r2⊥,min ∼ F 2. As mentioned above, in
the case of backward operating memory, the problem
of irreversible transverse phase arises [25]. Therefore
one cannot focus the light beam as strongly as in the
case of the forward operating memory. Requiring the
phase to be constant across the transverse profile leads
to θmax ∝ r⊥/L and in consequence to the capacity of
the memory Cb ∝ σ2⊥/r2⊥,min ∼ F , showing linear depen-
dence on F .
Above, we have presented the multimode character of
the transverse degrees of freedom in the quantum mem-
ory and its dependence on the Fresnel number of the
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FIG. 4. (color online). The number of modes for the forward
operating memory with efficiency η ≥ 0.65 for two values of
the Fresnel number F = 0.2 (black triangles) and F = 0.5
(green stars) and the capacity Cb of the backward operating
memory for F = 0.2 (red circles) and F = 0.5 (blue squares).
The dashed lines are the corresponding fits for the forward
Nf ∼ d30 and backward Cb ∼ d3/20 direction of the read-out,
respectively.
atomic cloud. Now, we show that including simulta-
neously the transverse and longitudinal modes leads to
much stronger scaling of the capacity with the optical
depth d0 than expected from considering these two de-
grees of freedom separately. We have optimized the full
three-dimensional quantum memory and found that the
capacity of the forward operating memory has a promis-
ing cubic scaling with the optical depth Nf ∼ d30, see
Fig. 4, much better than previously expected. (We use
this measure since Cf is numerically cumbersome to cal-
culate.)
This remarkable cubic scaling of the capacity of the
forward operating memory with the optical depth d0 can
be understood by noting that for high optical depth it
is not necessary to have the light beams confined within
the transverse size of the sample for the entire length of
the ensemble. Suppose that storage with a desired effi-
ciency requires a certain critical optical depth dcrit. This
optical depth is achieved for a portion of the ensemble
of length Ldcrit/d0. Hence it is only necessary to have
the light transversely confined within the ensemble for
this shorter distance allowing for larger divergence angles
θmax ∼ σ⊥d0/Ldcrit, see Fig. 1. (Alternatively, this rela-
tion can be understood by noting that with increasing op-
tical depth along the axis, the optical depth also grows for
beams incident at an angle. Beams can thus be incident
at larger angles and still see an effective optical depth
larger than dcrit.) The larger divergence angle allows for
stronger focusing of the beams down to a size r⊥,min ∼
dcritλ0L/σ⊥d0 which increases the capacity. Furthermore
since the storage of these tightly focused modes only in-
volves a small portion of the sample, there will be d0/dcrit
essentially independent storage media in the longitudi-
nal direction, see Fig. 1. Combining the capacity of the
5transverse and longitudinal degrees of freedom we arrive
at Nf ∼ (σ⊥/r⊥,min)2d0/dcrit ∼ F 2d30/d3crit. From an ex-
perimental perspective, this capacity reflects that the en-
semble allow for storage of essentially any optical beam
which can be focused into the ensemble and has a di-
vergence angle less than θmax. All of these modes are
stored simultaneously using only a single control field,
but the ideal temporal shape may be different for differ-
ent modes and the exact set of spatio-temporal modes
to use in a given experiment should be optimized given
the experimental constraints. For comparison, we also
provide the results for backward operating memories, see
Fig. 4. Here, the scaling is less promising Cb ∼ d3/20 , but
still high values of the capacity are achievable.
Conclusion.—We have calculated the capacity of spa-
tial quantum memories based on Λ-type, cigar-shaped
atomic ensembles and thereby shown that they allow
for storage of many light modes and exhibit a remark-
able scaling with the important physical parameters. For
memories operated in the forward direction, the capac-
ity scales quadratically with the Fresnel number F and
cubically with the optical depth of the atomic ensemble
d0, which is much better than previously expected [22].
These results reveal that the transverse degrees of free-
dom combined with the longitudinal ones constitute a
valuable resource for multimode quantum memories with
excellent capacities. These results can be directly used in
current experiments with extended ensembles of Λ-type
atoms.
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